
 
HowDo We Solve Differential Equations

If we can spot answer immediately we cansolveby inspection

If the DE doesn't explicitlydepend on the dependentvariable andonlycontains
one typeof derivative we can solveby direct integration
eg dat f x function doesn't dependon y

For some butnot all 1storder DES we cansolvebyseparationofvariables
eg Gaz floc g y r fgly dy flocdoc

Forsome butnotall DES we can use a substitution

Linearity an operator L is leniar if
ax by abc t bLy

for all scalars a b and all vectors x y

We're interested in operators thatact on functions
e.g differentiation

Differentiation is a linear operation as

aft adaf It

Ht t gHD f fft oafguy
linear properties

similarly integration Jafft at a fIt dt

and expectation Elax at x

we can write d.IN t as data t o Loc t

linearoperator



another example

d.IM t x sink r dat 1 x sink s Lx sin t

for de od ax t ask i is non linear
dt

to summarise an ODE is linear if it can bewritten in theform
Loc fLt

where L is a linear operator

General form of linear ODE

General an t daff t au Hd'dLY t a It du t a A y fit

eg 1storder att t blt x f It
this function can justbe a number e.g 3

A linear ODE is homogenous if rhs is zero
Loc 0

and non homogenous if rhs is not zero
Loc Ht

Superposition Principle

H y and ya are solutions to the linearhomogenousequation Ly 0

grew ay t bye is also a solution

for an nth order linear homogenous DE



y C y t Czyz t Cryn
where y's are linearly independent solutions
and C's are arbitrary constants unearly independent solutions

cannot be multiplied byconstant
to gettheother
eg sink cosx independent

eg d2y_ but e and 2e dependent
docz

t y O

j
2ndorderso

da y double derivativeof y minusy
2 constants y sink
expected

y cosx

y Asinx t Bcos a

general solution

Constant Coefficient Homogenous Case linearODE
Which meet this requirement

dayu of not linear

t too 0 not constantcoefficient

did t 4x suit not homogenous

d2x
dt2

t 40C o

Procedure

1 Classify
2 Useexponential ansatz
3 Find characteristic equation aka auxiliary equation
4 Find elementary solutions
5 Ford general solution



example d3c 1 Classify linearconstant homogenous V
dt2

40C O

040 t ILO L

2 Ansatz o sub x ett
did te't and d Next

substitute

Pelt Geht O 424 ett O e't to
3 H 4 0 X I 2

4 Solutions x edt xz e 2T

5 Can form general solution x deft t be2T

Subbing initial conditions for constants
x O P s t ae't t be 40 s I a t b

x o 2 o 2 Lae210 2be 20 i 2 2a 2b
p a b

solving simultaneously a f b O

solution x est

Pure Imaginary Roots

Take example of y t 4g 0

using ansatz we get characteristic equation

X t 4 0
112 4 i X 2J X 2J

d X Aedit Be2jt

this is imaginaryforrealtvalueswhereas weexpect an answer to
differential equation to bereal

Wewant to choose coefficientssuch that y is real output

if we pick A B to be complex conjugatesof eachother then



Aeast Be 4t also are complex conjugates of eachother and two
complex conjugates add to make a real number

If we set A at Pj B x Bj
Substituting in y at pj en't t a Bj e hit

y x editt e2ft Bj e2jt e 2jt

T 9
cost e3t t e 4t singe e2jt e 2jt

2 2J
y 2x cost t2pj2switt

o y 2x cost 2Bsin2t
as a B are arbitrary constants 2x 2ps can bewrittenas constants

y Cost t Dsin2t

we can also write in terms of amplitude E and phaseshift 0

y EcosHtt0
as Ecos 21 0 Ecospas2t Eswigswitt

w w
C D

so if the rootsof the auxiliary1characteristic equation are pure imaginaryso that X wj we can write solution in 3 equivalent ways

y
Ae'twt t Beiwt y Casket t Dsintwt y Ecostott0

exponential form cos andsin form amp andphaseshiftform

complex Roots real imaginary components

eg daff t 4docu t Soc O

x e't o R t 4h t 5 0

using guardformula X 2 j



X et2 j t Xz el 2 j t

x AelHilt Bet2Jlt oscillatingcos

x AeHeit Beateit
decaying

exponyential µ
x e a AeittBeit o x e2T cost Dsint o x Ate2Tcos t O

I

sketch

General Cases

Real Roots x Ae't't t Beht

Imaginary Roots x Acoswt t Bsinwt

ComplexRoots x ehttacoswt t Bswiwt

Repeated Roots

example y 6g t 9g O

characteristic 12 by 9 0

X 3 2 O

t 3 repeatedroot

y Ae t B
Use a substitutionof y e3tu

y 3e3tu e3tu

y 9e3tu t be3tu e3tu

substitutingintoDE Wu t.be3tu'te3tu 18eftu.be ut9efu

Oe3tuO
est f O
U O

i u At Bt
y estu Aestt Bte3t

t t



T t
onewindues one involves same
regularroot termbutmultipliedbyt

So if auxiliary equation is a quadraticwith it as a repeated rootthe solution is

Quadratic X Ae t t Btett

More generally a root repeated k times requires all powers of t upto th t
therefore if auxillary equationhas theroot x repeated k times thesolution is

General it Ce't t Gte't t t CHRett

Damped Simple Harmonic Motion

example massSpring damper on car drivingoverbump
spring

damper

mdaff bat Kyi
n w
y a 1 actagainstmotioninoppositedirectiontoy

i minus

mdd t bF t Ry O m I k 25

daff t bMa t 25g 0

testing different dampening levels i b 0 nodamping

d
z
t 25g O t Sj y AsinSt t Boosst

sin Stt0

T M Underdamped

oscillates likesinisouid
foreverwhichisn'trealistic

b 8 s daff t 8Gat t25g O

X 4 3J o y Ae sin 3ft0

I



I
hasdecaywhich
produces lightdamping µ Underdamped

D 26 o X 25 I o y Ae
2 t Bet

f overdamped

bothtermsare
decayingexponentials A tire or negative
no oscillation displacements

D 10 o 11 5 5 s y AeSt t BteSt
T p

Critical
repeatedroots beaches 0

amplitudereduced fastest

atquickestrate


